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D Sudfwlfdo Frpshwlwlyh Pdunhw Prgho
iru Lqglylvleoh Frpprglwlhv
]dlix \dqj
Hduolhu Gudiw= Pdufk 5334
Wklv Uhylvlrq= Mxqh 5334
Devwudfw
D jhqhudo dqg sudfwlfdo frpshwlwlyh pdunhw prgho iru wudglqj
lqglylvleoh jrrgv lv lqwurgxfhg1 Wkhuh duh d jurxs ri ex|huv dqg
d jurxs ri vhoohuv/ dqg vhyhudo lqglylvleoh jrrgv1 Hdfk ex|hu
lv lqlwldoo| hqgrzhg zlwk d vx!flhqw dprxqw ri prqh| dqg hdfk
vhoohu lv hqgrzhg zlwk vhyhudo xqlwv ri hdfk lqglylvleoh jrrg1 Hdfk
ex|hu kdv uhvhuydwlrq ydoxhv ryhu exqgohv ri lqglylvleoh jrrgv
deryh zklfk kh zloo qrw ex| dqg hdfk vhoohu kdv uhvhuydwlrq ydoxhv
ryhu exqgohv ri klv rzq lqglylvleoh jrrgv ehorz zklfk kh zloo
qrw vhoo1 Ex|huv dqg vhoohuv* suhihuhqfhv ghshqg rq wkh exqgoh ri
lqglylvleoh jrrgv dqg wkh txdqwlw| ri prqh| wkh| frqvxph1 Doo
suhihuhqfhv duh dvvxphg wr eh txdvl0olqhdu lq prqh| dqg prqh| lv
wuhdwhg dv d shuihfwo| glylvleoh jrrg1 Lw lv vkrzq lq dq h{wuhpho|
vlpsoh pdqqhu wkdw wkh pdunhw kdv d Zdoudvldq htxloleulxp li
dqg rqo| li dq dvvrfldwhg olqhdu surjudp sureohp kdv dq rswlpdo
vroxwlrq zlwk lwv ydoxh htxdo wr wkh srwhqwldo pdunhw ydoxh1 Lq
dgglwlrq/ lw lv vkrzq wkdw wkh htxloleulxp sulfhv ri wkh jrrgv dqg
wkh surwv ri wkh djhqwv duh wkh rswlpdo vroxwlrqv ri wkh olqhdu
surjudp sureohp1
Nh|zrugv= Pdunhw/ lqglylvlelolw|/ Zdoudvldq htxloleulxp/ olqhdu
surjudp/ srwhqwldo pdunhw ydoxh
MHO Fodvvlfdwlrq= F9/ F95/ F9;/ G7/ G74/ G79/ G8/ G83/ G84
3Wklv uhvhdufk lv vxssruwhg e| Judqwv0lq0Dlg ri wkh Mdsdqhvh Plqlvwu| ri Hgxfdwlrq/
Fxowxuh/ Vsruwv/ Vflhqfh dqg Whfkqrorj|1
4
4 Lqwurgxfwlrq
Lq uhfhqw |hduv wkhuh kdyh ehhq uhqhzhg hruwv wr lqyhvwljdwh wkh htxloleulxp
h{lvwhqfh sureohp zlwk lqglylvlelolwlhv> vhh h1j1/ Elnkfkdqgdql dqg Pdphu
+4<<:,/ Oddq/ Wdopdq dqg \dqj +4<<:,/ Ehyld/ Txlq}ll dqg Vloyd +4<<<,/
Jxo dqg Vwdffkhww +4<<<,1 Wkhvh qhz vwxglhv kdyh jhqhudol}hg lq rqh zd| ru
dqrwkhu wkh htxloleulxp prghov ri Nrrspdqv dqg Ehfnpdq +4<8:,/ Vkdsoh|
dqg Vkxeln +4<:5,/ Vkdsoh| dqg Vfdui +4<:7,/ Jdoh +4<;7,/ Txlq}ll +4<;7,/
Ndqhnr dqg \dpdprwr +4<;9, wr ghdo zlwk pruh uhdolvwlf htxloleulxp sure0
ohpv ri lqglylvlelolwlhv1 Lq wkh hduolhu vwxglhv lw lv w|slfdoo| dvvxphg wkdw hdfk
djhqw srvvhvvhv rqh lqglylvleoh remhfw dqg frqvxphv qr pruh wkdq rqh lqgl0
ylvleoh remhfw exw kdv suhihuhqfhv ryhu glhuhqw lqglylvleoh remhfwv/ zkhuhdv
lq wkh uhfhqw vwxglhv wklv uhvwulfwlyh dvvxpswlrq kdv ehhq uhod{hg vr wkdw
djhqwv fdq frqvxph dv pdq| lqglylvleoh jrrgv dv wkh| zlvk1
Prvw ri wkh uhfhqw vwxglhv kdyh irfxvhg rq wkh sduwlfxodu exw lpsruwdqw
fdvh zkhuh djhqwv* suhihuhqfhv duh txdvl0olqhdu lq prqh|1 Lq wkh suhvhqw
vwxg| zh zloo dovr frqqh rxu dwwhqwlrq wr wklv fdvh exw ghdo zlwk d pruh
jhqhudo dqg pruh sudfwlfdo pdunhw prgho1 Lw lv zruwk qrwlqj wkdw rxu dqdo|0
vlv vhhpv wr eh h{wuhpho| vlpsoh dqg hohphqwdu| frpsduhg zlwk wkh h{lvwlqj
dqdo|vhv/ dqg ixuwkhupruh lw surylghv dq hdv| zd| ri frpsxwlqj htxloleulxp
sulfhv dqg ehqhwv ri wudglqj1
Wkh uhvw ri wkh duwlfoh lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh lqwur0
gxfh wkh ex|hu0vhoohu prgho dqg vhyhudo frqfhswv1 Lq Vhfwlrq 6 zh hvwdeolvk
d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri dq htxloleulxp lq
wkh ex|hu0vhoohu prgho dqg glvfxvv lwv lpsolfdwlrqv1 Ilqdoo| lq Vhfwlrq 7
zh suhvhqw d v|pphwulf wudglqj prgho dqg jlyh dq htxloleulxp h{lvwhqfh
wkhruhp1
5 Wkh Pdunhw Prgho
Iluvw/ zh lqwurgxfh vrph qrwdwlrq1 Wkh vhw L& ghqrwhv wkh vhw ri wkh uvw
n srvlwlyh lqwhjhuv1 Wkh vhw U? ghqrwhv wkh q0glphqvlrqdo Hxfolghdq vsdfh
dqg ]? wkh vhw ri doo odwwlfh srlqwv lq U?1 Wkh yhfwru 3 ghqrwhv wkh yhfwru
ri }hurv1 Ixuwkhupruh/ {  | phdqv wkh lqqhu surgxfw ri yhfwruv { dqg |1
Qrz zh zloo vwduw wr lqwurgxfh wkh pdunhw prgho iru wudglqj lqglylvleoh
jrrgv1 Lq wkh pdunhw wkhuh duh wzr glvmrlqw qlwh jurxsv/ d jurxs E ri
ex|huv dqg d jurxs V ri vhoohuv/ dqg q lqglylvleoh frpprglwlhv1 Hdfk ex|hu
l lv lqlwldoo| hqgrzhg zlwk d vx!flhqw dprxqw p ri prqh| dqg hdfk vhoohu
m hqgrzhg zlwk d exqgoh Z  5 ]?n ri lqglylvleoh jrrgv1 Wkhvh jrrgv fdq
5
eh krxvhv/ fduv/ wuxfnv/ dlufudiwv/ frpsxwhuv/ pdfklqhv/ dqg vr rq1 Ohw Z




iru hdfk lqglylvleoh jrrg k @ 4/   / q/ wkhuh duh Z xqlwv dydlodeoh lq wkh
pdunhw1 Lw lv xqghuvwrrg wkdw Z A 3 iru hyhu| k @ 4/   / q1 Hdfk ex|hu
l kdv uhvhuydwlrq ydoxhv Y ryhu exqgohv ri lqglylvleoh jrrgv deryh zklfk kh
zloo qrw ex|1 Wkdw lv/ Y lv d pdsslqj iurp ]?n wr wkh vhw Un ri qrqqhjdwlyh
uhdo qxpehuv zlwk Y+3, @ 31 Hdfk vhoohu m kdv uhvhuydwlrq ydoxhv Y ryhu
exqgohv ri klv rzq lqglylvleoh jrrgv ehorz zklfk kh zloo qrw vhoo1 Qdpho|/
Y lv dovr d pdsslqj iurp ]?n wr wkh vhw Un zlwk Y+3, @ 31 Ex|huv dqg
vhoohuv* suhihuhqfhv x+{>p, ghshqg rq wkh exqgoh { ri lqglylvleoh jrrgv dqg
wkh txdqwlw| p ri prqh| wkh| frqvxph1 Lw lv dvvxphg wkdw doo suhihuhqfhv
duh txdvl0olqhdu lq prqh| +l1h1/ x+{>p, @ Y+{, .p, dqg wkdw prqh| lv
d shuihfwo| glylvleoh jrrg1 Lw lv qdwxudo wr dvvxph wkdw wkh iuhh glvsrvdo
frqglwlrq krogv iru hyhu| vhoohu/ l1h1/ Y+{,  Y+|, iru doo m 5 V dqg doo
{  |  Z  1 Ixuwkhupruh/ zh zloo dvvxph wkdw hyhu| ex|hu l kdv d vx!flhqw
dprxqw p ri prqh|/ l1h1/ p  pd{iY+{, m {  Z> { 5 ]?nj1 Wklv pdunhw
prgho zloo eh uhsuhvhqwhg e| P @ ++Y>p> l 5 E,> +Y>Z  > m 5 V,,1 Wzr
uhpdunv duh lq rughu1
Uhpdun 4= Li wkhuh lv rqo| rqh xqlw ri hdfk lqglylvleoh jrrg +l1h1/ Z @ 4
iru doo k 5 L?,/ dqg ixuwkhupruh wkh uhvhuydwlrq ydoxhv ri hyhu| vhoohu ryhu
klv rzq jrrgv duh doo }hur +l1h1/ Y+O, @ 3 iru doo m 5 V dqg doo O 5 ]?n zlwk
O  Z ,/ wkhq wkh prgho khuh lv uhgxfhg wr wkrvh ri Elnkfkdqgdql dqg
Pdphu +4<<:,/ Ehyld hw do1 +4<<<,/ Jxo dqg Vwdffkhww +4<<<,1 Rxu prgho
lpsrvhv wkh iuhh glvsrvdo frqglwlrq rq vhoohuv/ zkhuhdv wkhlu prghov lpsrvh
wkdw frqglwlrq rq ex|huv1
Uhpdun 5= Wkh prgho khuh lv ohvv jhqhudo wkdq wkdw ri Oddq hw do1 +4<<:,
lq zklfk wkh txdvl0olqhdulw| lq prqh| lv qrw lpsrvhg exw vrph vruw ri vhsd0
udelolw| ryhu lqglylvleoh jrrgv lv qhhghg1
D yhfwru { lq ]?n lv fdoohg d exqgoh> dqg d ihdvleoh exqgoh ru ihdvleoh
uhvrxufh li lw lv ohvv wkdq ru htxdo wr Z 1 Ohw I +Z , ghqrwh wkh vhw ri doo




  Z 1 Iru hdfk m 5 V/ ghqh
I +Z , @ i{ 5 ]?n m {  Z j=
D qrqhpsw| vxevhw ri E lv fdoohg d frdolwlrq1 D sulfh yhfwru s 5 U?n
lqglfdwhv d sulfh iru hdfk lqglylvleoh jrrg1 Jlyhq d sulfh yhfwru s 5 U?n/ wkh
ghpdqg fruuhvsrqghqfh G+s, ri ex|hu l lv ghqhg e|
6
G+s, @ i{ m +Y+{,s{, @ pd{iY+|,s| m s|  p> |  Z> | 5 U]?njj=
Qrwh wkdw p  Y+|, iru hyhu| | 5 I +Z ,1 Wklv lpsolhv wkdw wkh exgjhw
frqvwudlqw s  |  p lv uhgxqgdqw1 Wkxv/ wkh vhw G+s, fdq eh vlpsolhg dv
G+s, @ i{ m +Y+{, s  {, @ pd{iY+|, s  | m |  Z> | 5 ]?njj=
Lq wkh ghqlwlrq ri G+s,/ ex|hu l dozd|v fkrrvhv d ihdvleoh exqgoh/ l1h1/
|  Z 1 Wklv frqvwudlqw lv qrw hvvhqwldo dqg fdq eh ghohwhg li ex|hu l*v
uhvhuydwlrq ixqfwlrq Y lv erxqghg rq ]?n dqg klv lqlwldo hqgrzphqw p lv
qr ohvv wkdq pd{iY+{, m { 5 ]?nj1 Rxu dqdo|vlv dovr dssolhv wr wklv pruh
jhqhudo fdvh1
Wkh vxsso| fruuhvsrqghqfh V+s, ri vhoohu m lv vlploduo| ghqhg e|
V+s, @ i{ m +s  { Y+{,, @ pd{is  |  Y+|, m |  Z  > | 5 ]?njj=
D wxsoh ++{> l 5 E,> s, lv d Zdoudvldq htxloleulxp li s lv d yhfwru lq U?n>




 @ Z 1 Dw vxfk dq htxloleulxp/ ex|hu l*v surw lv jlyhq e|
Y+{
, s  {/ zkhuhdv vhoohu m*v surw lv jlyhq e| s Z   Y+Z ,1
Zlwkrxw ixuwkhu dvvxpswlrqv lpsrvhg rq wkh prgho/ wkhuh zloo eh qr
Zdoudvldq htxloleulxp1 Zh zloo jlyh d vlpsoh h{dpsoh wr looxvwudwh wklv
srlqw1 Wkhuh duh wzr ex|huv 4 dqg 5 dqg rqh vhoohu 6 lq wkh pdunhw1 Ex|hu 4
lqlwldoo| kdv wzr grooduv/ ex|hu 5 kdv dovr wzr grooduv dqg wkh vhoohu kdv wzr
lqglylvleoh jrrgv D dqg E1 Wkhlu uhvhuydwlrq ydoxhv duh jlyhq e| Y+>, @
Y2+>, @ Y+>, @ 3/ Y+D, @ :@9/ Y+E, @ 4/ Y+DE, @ 7@6/ Y2+D, @ 4@6/
Y2+E, @ 4@7/ Y2+DE, @ 8@9/ Y+D, @ 4@7/ Y+E, @ 4@7/ Y+DE, @ 4@61
Dowkrxjk wklv pdunhw vdwlvhv doo dvvxpswlrqv vshflhg deryh/ wkhuh h{lvwv
qr htxloleulxp1 Iluvw ri doo/ d sulfh yhfwru s frxog eh dq htxloleulxp sulfh
rqo| li s . s  4@6 zlwk s  4@45 dqg s  4@451 Vhfrqgo|/ dq
htxloleulxp pxvw eh Sduhwr rswlpdo1 Lq idfw/ wkh doorfdwlrq lq zklfk ex|hu
4 jhwv D dqg ex|hu 5 jhwv E lv wkh xqltxh Sduhwr rswlpdo doorfdwlrq1 Zh zloo
vkrz wkdw wklv doorfdwlrq fdqqrw eh dq htxloleulxp1 Vxssrvh wr wkh frqwudu|
wkdw wklv lv dq htxloleulxp1 Wkhq wkh iroorzlqj v|vwhp ri olqhdu lqhtxdolwlhv
pxvw kdyh d vroxwlrq=
:@9 s  4 s
:@9 s  7@6 s  s
:@9 s  3
4@7 s  4@6 s
4@7 s  8@9 s  s
4@7 s  3=
7
Lw iroorzv wkdw :@45  s  9@:/ 4@9  s  4@7/ dqg 4@45  ss  4@91
Reylrxvo|/ wkhvh lqhtxdolwlhv kdyh qr vroxwlrqv s dqg s1 Wkhuhiruh/ wkh
pdunhw kdv qr htxloleulxp1
6 Wkh Htxloleulxp H{lvwhqfh Wkhruhp
Lq wklv vhfwlrq zh zloo hvwdeolvk dq h{lvwhqfh wkhruhp iru wkh pdunhw prgho1
Ohw ` ghqrwh wkh idplo| ri doo doorfdwlrqv {+E, @ +{
> l 5 E, vdwlvi|lqjS
M {
 @ Z 1 Jlyhq d frdolwlrq K dqg d ihdvleoh uhvrxufh N/ zh ghqh




H{whqglqj \dqj +4<<3,/ zh ghqh wkh srwhqwldo ydoxh ri wkh frdolwlrq K dqg









Wkh ydoxh ri U+E>Z , zloo eh fdoohg wkh srwhqwldo pdunhw ydoxh1 Qrz zh




M { . s Z
v1w1
S
MM { . s N  U+K>N,> ; > 9@ K  E> ; N  Z> N 5 ]?n
s Z   Y+Z ,  s  O Y+O,> ; m 5 V> ; O  Z > O 5 ]?n=
+614,
Zh duh qrz uhdg| wr hvwdeolvk wkh pdlq h{lvwhqfh wkhruhp zklfk vwdwhv d
qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri d Zdoudvldq htxlole0
ulxp1
Wkhruhp 614 Jlyhq d pdunhw prgho P @ ++Y>p> l 5 E,> +Y >Z  > m 5
V,,/ wkhuh h{lvwv d Zdoudvldq htxloleulxp li dqg rqo| li wkh olqhdu surjudp
sureohp +614, kdv dq rswlpdo vroxwlrq zlwk lwv ydoxh htxdo wr wkh srwhqwldo
pdunhw ydoxh U+E>Z ,1
Surri= Qrz vxssrvh wkdw ++{> l 5 E,> s, lv d Zdoudvldq htxloleulxp1 Wkhq
iru doo l 5 E dqg doo N 5 I +Z , lw krogv
Y+{
, s  {  Y+N, s N>
dqg iru doo m 5 V dqg doo O 5 I +Z ,/ lw krogv
s Z   Y+Z ,  s  O Y+O,=
8
Wkxv/ wkh vhfrqg lqhtxdolwlhv ri wkh olqhdu surjudp duh vdwlvhg1 Qrz ohw
{ @ Y+{,  s  { iru hyhu| l 5 E1 Ohw |+E, eh dq duelwudu| hohphqw lq
` 1 Wkhq lw krogv wkdw
Y+{
, s  {  Y+|, s  |
iru doo l 5 E1 Lw iroorzv wkdw SM Y+{, 
S
M Y+|










, @ U+E>Z ,=
Zh vwloo kdyh wr vkrz wkdw +{> s, dovr vdwlvhv wkh uvw frqvwudlqwv ri wkh
olqhdu surjudp1 Vxssrvh wr wkh frqwudu| wkdw vrph frqvwudlqw lv ylrodwhg1
Wkhq wkhuh zrxog eh d qrqhpsw| vxevhw K ri E dqg d ihdvleoh uhvrxufh
N 5 I +Z , vr wkdw
[
MM
{ . s N ? U+K>N,=
Wklv lpsolhv wkdw wkhuh duh vrph l 5 K dqg vrph ihdvleoh uhvrxufh G  N
vdwlvi|lqj
{ . s G ? Y+G,=
Exw wklv lv lpsrvvleoh/ vlqfh zh kdyh
{  Y+W , s  W
iru doo k 5 E dqg doo W 5 I +Z ,1
Rq wkh rwkhu kdqg/ ohw +{> s, eh dq rswlpdo vroxwlrq ri wkh olqhdu surjudp




 @ Z vr wkdw
[
M




, @ U+E>Z ,=
Ixuwkhupruh/ lw iroorzv iurp wkh olqhdu surjudp wkdw iru doo l 5 E dqg doo
N 5 I +Z ,
{  Y+N, s N=
Qrwh wkdw
{  Y+{, s  {
9
iru doo l 5 E1 Ixuwkhupruh/ lw krogv wkdw
{ @ Y+{
, s  {
iru doo l 5 E1 Wkhuhiruh zh kdyh
Y+{
, s  {  Y+N, s N
iru doo l 5 E dqg dooN 5 I +Z ,1 Wkxv/ { 5 G+s, iru doo l 5 E1 Ixuwkhupruh/
qrwh wkdw +{> s, dovr vdwlvhv wkh vhfrqg frqvwudlqwv ri wkh olqhdu surjudp/
l1h1/ Z  5 V+s, iru doo m 5 V1 Vlqfh wkh iuhh glvsrvdo krogv iru vhoohuv/ lw lv
hdv| wr vhh wkdw s lv qrqqhjdwlyh1 E| ghqlwlrq ++{> l 5 E,> s, lv d Zdoudvldq
htxloleulxp1 Wklv ghprqvwudwhv wkh wkhruhp1 
Wklv wkhruhp whoov xv wkdw wkh htxloleulxp sureohp zlwk lqglylvlelolwlhv
vwxglhg khuh lv htxlydohqw wr d olqhdu surjudp sureohp dqg lwv htxloleulxp
sulfh yhfwru dqg wkh surw yhfwru ri ex|huv duh wkh rswlpdo vroxwlrq +s> {, ri
wkh olqhdu surjudp sureohp/ dqg wkh surwv ri vhoohuv duh jlyhq e| lwv vhfrqg
frqvwudlqwv1 Wkxv/ rqh fdq hdvlo| frpsxwh wkh htxloleulxp sulfhv dqg wkh
ehqhwv ri wudglqj1
Qrz zh zloo uhwxuq wr wkh suhylrxv h{dpsoh1 Zlwk uhvshfw wr wkdw h{0
dpsoh wr vhh zkhwkhu wkhuh lv dq htxloleulxp ru qrw zh rqo| qhhg wr fkhfn
wkh iroorzlqj olqhdu surjudp sureohp=
plq { . {2 . s . s
v=w= { . s  :@9
{ . s  4
{ . s . s  7@6
{2 . s  4@6
{2 . s  4@7
{2 . s . s  8@9
{ . {2 . s  :@9
{ . {2 . s  4
{ . {2 . s . s  4:@45
s . s  4@6
{  3> {2  3> s  4@45> s  4@45=
Wkh srwhqwldo pdunhw ydoxh lv 4:@45/ exw wkh olqhdu surjudp sureohp kdv
dq rswlpdo vroxwlrq +{> {2> s> s, @ +7@9> 3> 6@9> 5@9, zlwk lwv ydoxh 4;@451
Dffruglqj wr Wkhruhp 614/ wkh pdunhw kdv qr htxloleulxp1
:
7 D Ixuwkhu Glvfxvvlrq
Lq wkh suhylrxv vhfwlrqv zh glhuhqwldwh wkh uxoh ri ex|huv dqg vhoohuv1 Lq
rwkhu zrugv/ wkh prgho lv qrw v|pphwulf1 Lq wklv vhfwlrq zh zloo vkrz wkh
suhylrxv dqdo|vlv fdq eh hdvlo| dgdswhg wr ghdo zlwk wkh v|pphwulf prgho1
Qrz zh zloo lqwurgxfh d v|pphwulf pdunhw prgho iru wudglqj lqglylvleoh
jrrgv1 Lq wkh pdunhw wkhuh duh d qlwh vhw D ri wudghuv +ex|huv/ ru vhoohuv/
ru erwk,/ dqg q lqglylvleoh frpprglwlhv1 Hdfk wudghu l lv lqlwldoo| hqgrzhg
zlwk vrph dprxqw p ri prqh| dqg d exqgoh Z  5 ]?n ri lqglylvleoh jrrgv1




Wkxv/ iru hdfk lqglylvleoh jrrg k @ 4/   / q/ wkhuh duh Z xqlwv dydlodeoh
lq wkh pdunhw1 Lw lv xqghuvwrrg wkdw Z A 3 iru hyhu| k @ 4/   / q1 Hdfk
wudghu l kdv uhvhuydwlrq ydoxhv Y ryhu exqgohv ri lqglylvleoh jrrgv1 Lw lv
dvvxphg wkdw Y lv d pdsslqj iurp ]?n wr wkh vhw Un ri qrqqhjdwlyh uhdo
qxpehuv zlwk Y+3, @ 31 Wudghuv* suhihuhqfhv x+{>p, ghshqg rq wkh exqgoh
{ ri lqglylvleoh jrrgv dqg wkh txdqwlw| p ri prqh| wkh| frqvxph/ dqg duh
txdvl0olqhdu lq prqh| +l1h1/ x+{>p, @ Y+{, .p,1 Prqh| lv wuhdwhg dv d
shuihfwo| glylvleoh jrrg1 Zh lpsrvh d plog dvvxpswlrq wkdw iuhh glvsrvdo
frqglwlrq krogv iru hyhu| wudghu/ l1h1/ Y+{,  Y+|, iru doo l 5 D dqg doo
{  |  Z / dqg wkdw hyhu| wudghu l kdv d vx!flhqw dprxqw p ri prqh|/
l1h1/ p  Y+Z ,  Y+Z ,1 Wklv pdunhw prgho zloo eh uhsuhvhqwhg e|
P @ +Y>p> l 5 D,1
Qrz zh zloo dvvrfldwh wklv prgho dqg lwv htxloleulxp h{lvwhqfh zlwk wkh
iroorzlqj olqhdu surjudp sureohp1
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Dsso|lqj wkh dujxphqw ri Wkhruhp 614/ rqh fdq ghprqvwudwh wkh iro0
orzlqj wkhruhp zklfk vwdwhv d qhfhvvdu| dqg vx!flhqw frqglwlrq iru wkh
h{lvwhqfh ri d Zdoudvldq htxloleulxp1
Wkhruhp 714 Jlyhq d v|pphwulf pdunhw prgho P @ +Y>p> l 5 D,/ wkhuh
h{lvwv d Zdoudvldq htxloleulxp li dqg rqo| li wkh olqhdu surjudp sureohp +715,
kdv dq rswlpdo vroxwlrq zlwk lwv ydoxh htxdo wr wkh srwhqwldo pdunhw ydoxh
U+D>Z ,1
Zh uhpdun wkdw lq htxloleulxp wkh surw ri wudghu l iurp wudglqj lv htxdo
wr {.s Z Y+Z ,/ zkhuh +{> s, lv dq rswlpdo vroxwlrq ri sureohp +715,1
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